The purpose of this note is to show that a close relationship exists between the notions of majorization, factorization, and range inclusion for operators on a Hilbert space. Although fragments of these results are to be found scattered throughout the literature (usually buried in proofs), it does not seem to have been noticed how nicely they fit together to yield our theorems. We will also make an attempt at extending our result to the case of unbounded operators in the hope that it might be useful in establishing existence theorems for linear partial differential equations.
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The author wishes to acknowledge that he discovered these relations in the study of an unpublished manuscript of deBranges and Rovnyak. Also, we acknowledge our indebtedness to P. Halmos for several conversations on this subject and note, in particular, that it was he who first noticed the equivalence of (1) and (3) in Theorem 1.
The Hilbert space considered can be either real or complex. We use Further consideration of the proofs of (2) implies (3) and of (3) implies (2) show us that (a) holds for the C2 constructed in the preceding paragraph.
Moreover, (b) holds for this C2 because (1) IfAA*^BB*,1 then there exists a contraction C so that A EBC. Proof. (1) We define the operator C* as before by setting C*B*f = A*f for fEDBB*. Then C* is a contraction because \\C*B*f\\2 = \\A*f\\2 = iAA*f,f) g iBB*f,f) = ||A*/||2.
If we extend C* to range [B*]~ and define it to be zero on range
[P*]1, then C*P* C-4* so that A EBC. . But A is closed so that Bg = Af or Cf = g and we see that C is closed. Added in proof. We remark that two easy generalizations of the results of this paper are possible. Firstly, if we consider operators A and B with domains equal to the Hilbert spaces §i and §2, respectively, but having common range $, then we need only modify the statement of Theorem 1 so that the operator C is now defined from §i to §2 to obtain parallel results for this case. The proof is exactly the same.
Secondly, the equivalence of statements (1) and (3) of Theorem 1 persists if A and B are operators between Banach spaces. Similarly, the last statement of Theorem 3 is valid for closed operators between Banach spaces. Again the proofs are the same.
